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a b s t r a c t 

We consider an overlapping generations economy, where parents are altruistic towards 

their children, and children provide old-age support to parents. We show that when the 

education loan market is imperfect, an education subsidy targeted towards achieving the 

complete-market level of education distorts fertility decisions. However, augmenting the 

education policy with pension support in the old-age can restore both education and fer- 

tility to complete-market level. This highlights that an Education-Pension package is more 

potent than perceived by the existing literature – it not only replaces the missing credit 

market but also corrects for fertility distortions. Our results also hold when state inter- 

vention in education is justified due to human-capital externality, instead of credit market 

frictions. 

© 2023 Elsevier B.V. All rights reserved. 
1. Introduction 

Existing research has shown that credit markets to borrow funds for education are imperfect everywhere. 1 This market 

failure prevents the investment in education from reaching its optimal level, providing rationale for state intervention. While 

the agents receive government support for education when they are young, in many countries they also receive income sup- 

port from the state as pensions after they retire. In fact, education subsidies and Pay-As-You-Go (henceforth PAYG) pensions 

are the two largest welfare programs undertaken by governments around the world. 2 
� The authors are grateful to the Editor and two anonymous referees for their excellent comments and suggestions. We would also like to thank Em- 

manuel Farhi, James Poterba, Morten Ravn, and Iván Werning for their helpful comments. 
∗ Corresponding author. 

E-mail addresses: mbishnu@isid.ac.in (M. Bishnu), garg@g.harvard.edu (S. Garg), tishara@mit.edu (T. Garg), tridip@isid.ac.in (T. Ray) . 
1 Economists have long emphasized imperfections in the education loan market ( Friedman and Kuznets (1945) ; Friedman ( 1955; 1962 ) Nerlove (1975) ; 

Chapman (2006) ). See Becker (1962) for an overview of why capital market imperfection tends to be explicitly stressed in the context of under-investment 

in education. 
2 Government spending accounts for 91% of funds at primary, secondary and post-secondary levels and 70% at the tertiary level in OECD countries (see 

OECD (2017a) ). Public education spending in the United States alone accounts for 4 . 2% of GDP and 11 . 8% of total public spending (see OECD (2017a) ). As 

for pensions, the OECD (2017b) report on public pensions states that ‘Public pensions are often the largest single item of social expenditure, accounting for 

18% of total government spending on average in 2013’. The old-age support expenditure, as a percentage of GDP in OECD countries, stands at 8.6%. 
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The education support and pensions are typically funded through taxes on the middle-aged, but benefits the young 

and the old. An education subsidy program, which involves transfers from the middle-aged to the young, might not be 

palatable to the initial working population who foot the bill for the program but do not benefit from it. This makes an

education subsidy challenging to sustain. Pensions get around this implementation hurdle by compensating the generation 

bearing the burden of the education program. This has been documented in an important contribution by Boldrin and 

Montes (2005) where they show that when the education loan market is imperfect, an appropriately designed Education- 

Pension (henceforth EP) package can achieve the complete-market level of education. 3 The idea of interlinking education 

and pensions this way is not new and goes back to at least Hammond (1975) and Pogue and Sgontz (1977) . Becker and

Murphy (1988) argue that parents might not invest optimally in children’s education if such an investment competes with 

their retirement provision. A welfare state can overcome this deficiency by taxing parents and financing public education. 

Poterba ( 1996; 1998 ) discuss this link in the context of the US economy shedding light on the issue of sustaining the forward

intergenerational good (education) as the population ages and demands more backward intergenerational good (pension). 

Rangel (2003) also emphasizes this interlinkage by arguing that backward intergenerational goods play a crucial role in 

sustaining forward intergenerational goods; without them investment is inefficiently low. 4 Many papers have investigated 

the interlinkage in different contexts, including, recently, Andersen and Bhattacharya (2017) and Bishnu et al. (2021) which 

study interdependence of intergenerational transfer instruments focusing more on the possibility of eventual phase out of 

PAYG pensions. 

The impact of intergenerational instruments on fertility has been largely ignored in the literature mentioned above. Fer- 

tility is typically viewed as being exogenous to education and pension policies. In this study, we consider an economy with

endogenous fertility where parents are altruistic towards their children, and care about the quantity and quality (education) 

of their children. In return, children provide old-age support, through an intergenerational contract. Thus, education and 

pension policy may have a first order impact on fertility choices. We find that while government support for education, mo-

tivated by market distortions, restores education choices to their complete-market level, ends up distorting fertility choices. 

Augmenting the education policy with pension support restores both education and fertility to the complete-market level. 

Therefore, the instruments that a welfare state has at its disposal are potentially more powerful than previously realized. 

In a related work, Conde-Ruiz et al. (2010) consider a model with endogenous fertility and provide a characterization of 

efficient allocation as the equilibrium of a decentralized market economy with mandated intergenerational transfers. Their 

analysis also documents that when credit markets for human capital is incomplete, linking pension and education subsidy is 

required, to restore efficiency. Our model differs in significant ways. In our setup, unlike theirs, parents are altruistic with a

quality-quantity trade-off and crucially, rely on children for old age support through an implicit inter-generational contract. 

Altruism and old-age support are important factors when considering fertility decisions. We continue to find EP package 

necessary, even allowing for altruism and old-age support. We provide new results that EP package continues to be needed 

when the market failure arises due to human capital externality instead of credit market frictions. 5 

Our paper also contributes to many strands of literature. In a related paper, Schoonbroodt and Tertilt (2014) show that if

parents do not have enough property rights over children’s income, equilibrium fertility will be inefficiently low and, unlike 

in the exogenous fertility case, a PAYG system cannot be used to implement the efficient allocations. 6 Like them, we also

model inefficiency in the fertility choice, although arising because of forward-looking transfers instead of a lack of ownership 

over children’s income. In fact, in our setup, parents have full claim over their children’s income. Interestingly, in our setup,

pensions emerge as the instrument that helps to restore efficiency. Therefore, we see our paper as complementary to theirs 

and further, from the above mentioned perspective, our result in fact strengthens the findings such as Hammond (1975) ,

Pogue and Sgontz (1977) , Becker and Murphy (1988) , and Boldrin and Montes (2005) , for an entirely different reason. 

Most economic models of fertility choice are built on the notion of a quality-quantity trade-off between the number of 

children and education per child. 7 If fertility and education are indeed joint decisions, government policy aimed at altering 

the cost of education might have unintended consequences for fertility. In this paper, we show that fertility overshoots 

its optimal level when the government intervenes solely on the education front. 8 We then show that, not only can an

EP package correct market failure and help achieve the optimal level of education, but it can also help a welfare state
3 Complete-market level is the one which prevails when the loan market for education is perfect. 
4 In this way, pensions also help to overcome the political economy constraints in introducing a forward generational transfer, especially in an environ- 

ment of the growing influence of old in the society. Sustainability and related issues of forward and backward intergenerational transfers in a political 

economy setting have also been discussed in the literature, see for example, Bishnu and Wang (2017) , Gonzalez-Eiras and Niepelt (2012) , Lancia and 

Russo (2016) among others. 
5 A recent body of literature has emerged to address efficiency-related issues in the context of endogenous fertility. Conde-Ruiz et al. (2010) extends the 

Pareto efficiency criteria to an efficiency concept called Millian efficiency, both in a static and dynamic sense. The static criteria require equality of returns 

from the capital market and from investments in children, while the dynamic efficiency criteria state that the rate of return to physical capital should 

exceed the rate of return to investments in children, as measured by the ratio of wages to the cost of children. In our paper, we focus on the notion of 

dynamic efficiency in the standard sense, which refers to economies where the market rate of return on capital exceeds the rate of population growth. 

Although our model structure differs, our efficiency concept aligns with the concepts of RC and CRC efficiency in Michel and Wigniolle (2007) , as well as 

the A -efficiency concept in Golosov et al. (2007) , which are fundamental requirements in Conde-Ruiz et al. (2010) . The analysis of dynamic efficiency under 

stochastic production has been examined in Zilcha (1991) . 
6 They abstract away from issues of inefficiency in human capital. 
7 See, for example, Becker and Lewis (1973) , Cigno (1986) , Becker et al. (1990) , De la Croix and Doepke (2003) . 
8 In this paper, our benchmark is the equilibrium with no market failure. Hence, we use ‘optimal’ and ‘complete-market’ level interchangeably. 
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correct distortions in the fertility choice. Thus, our contribution lies in showing that a welfare state equipped with an EP 

package can do a lot more than just acting as a replacement for the imperfect education loan market: it can help achieve

the optimal level of fertility in the economy. Interestingly, our results continue to go through when we introduce a human

capital externality as an alternative rationale for state intervention in education. This suggests that our results are robust to 

how one models market failure. 9 

The economic approach to fertility emphasizes the role played by the cost of rearing and educating children. Barro and

Becker (1988) note that there is a sizeable bequest to children through investment in education, a form of bequest that is far

more common than the transfer of assets. If the cost of education does indeed play a role in the fertility choice of parents,

government policy that affects the opportunity cost of education can have first order effects on fertility. 10 

Children are typically considered as a consumption good, with emotional gratification and altruism being the primary 

motivation behind begetting them. Barro and Becker (1988) use a utility function for parents which, in addition to their 

consumption, depends directly on the utility of each child and the number of children. Other examples of papers that model

fertility this way are Doepke (2004) and Cigno (2006) . Another way to model fertility as a consumption good is where

parents derive utility from the ‘quality’ and ‘quantity’ of children (see, for example, Becker (1960) ; Becker and Lewis (1973) ;

Cigno (1986) ). However, there is a strand of literature that models children as investment goods instead. Here the motivation

for having children is that they provide income support in old age. In Boldrin and Jones (2002) and Boldrin et al. (2015) , for

example, altruism runs from children to parents. Parents’ old-age consumption enters the utility of their children, providing 

them with a reason to support the parents in old age. Parents base their fertility choice on this anticipated transfer. In

papers like Ehrlich and Lui (1991) and Cigno (1993) , parents and children have an implicit contract wherein parents invest

in the education of children in return for old age support. 

Building on these models of endogenous fertility, a few papers have tried to theoretically establish the empirically ob- 

served negative relationship between fertility and social security. 11 Barro and Becker (1988) show that, when the econ- 

omy is dynamically efficient, a permanent increase in social security benefit leads to a temporary fall in fertility. Both 

Cigno (1993) and Ehrlich and Lui (1998) establish a negative relationship arising from the fact that the state provided pen-

sions reduce parents’ reliance on the family arrangement for old age support. Boldrin et al. (2015) establish a negative

relationship quantitatively, albeit coming entirely from general equilibrium effects. 

We consider an overlapping generations economy where fertility choice is endogenous and parents procreate out of both 

self-interest and altruism. Parents have an implicit contract with their children wherein they invest in their human capital 

in return for old-age support. They have access to the loan market for education where imperfections raise the effective cost 

of borrowing. 12 We show that the government intervention in education can restore education to its complete-market level. 

However, this intervention fails to correct fertility, which ends up overshooting the complete-market level. There exists 

a negative relationship between fertility and pensions under the PAYG regime. The government can exploit this negative 

relation and restore fertility to its complete-market level. Thus, a policy of only intervening in education loan markets is not

sufficient; an EP package can replicate the complete-market level of both education and fertility. This leads us to conclude 

that an EP package is much more capable than existing studies have led us to believe–it not only acts as a substitute for the

missing credit market but also helps attain the optimal level of fertility in the economy when the education loan market is

not perfect. 

Let us briefly explain the mechanism that is at work. Both fertility and educational investment are sub-optimal due to 

the high cost of financing education under laissez-faire . When the government intervenes with an education subsidy, fertility 

increases as the private cost of education falls. However, the cost of borrowing remains uncorrected so that borrowing is 

less than the complete-market level. Reduced borrowing decreases the loan repayment burden, increasing effective income. 

Since children yield a non-material benefit, they are a net pecuniary cost to parents on the margin. The increase in effective

income allows the parents to raise more children, increasing fertility over and above that under complete market. 

With fertility above its complete-market level, the state can use pension support to restore fertility to its optimum. 

Even though pensions transfer income from middle to old age, they affect consumption smoothing behavior. Agents borrow 

against this increased old-age income, transferring income back to middle age. The rate of return through government medi- 

ated PAYG pensions is the growth rate of the population. When population growth rate is lower than the cost of borrowing,

as is the case in a dynamically efficient economy, the net effect of pensions is to reduce old-age income. The reduced old-
9 Some other justifications for government involvement in education include a) production of social capital ( Putnam et al. (1993) ; Durlauf and 

Fafchamps (2005) ), b) creating a civic society of knowledgeable voters ( Dee (2004) ), and c) consumption externalities ( Bishnu (2013) ). 
10 There are many papers which note the impact of government policy on fertility. Cigno (1986) shows that if fertility is endogenous, government taxes 

and subsidies that affect the cost of children have an impact on the fertility decision and other market behaviors of the parents. Doepke (2004) shows that 

differential government policy regarding education plays a role in explaining the cross-country differences in fertility decline to a large extent. De la Croix 

and Doepke (2003) analyze public education policies in a set up where fertility and education are joint decisions and show that fertility dynamics are 

different in different education regimes, with implications for inequality and growth in those regimes. 
11 There is a substantial empirical literature confirming the negative relationship between fertility and social security. Hohm (1975) analyses data from 

67 countries and shows that social security programs have a measurable negative effect on fertility, in a magnitude comparable to traditional correlates 

of fertility like infant mortality, education, and per-capita income. Country-specific analyses are carried out by Cigno and Rosati (1990) for Italy, Cigno and 

Rosati (1996) for Germany, Italy, UK and USA, and Cigno et al. (2003) for Germany. 
12 Showing market imperfection through differential borrowing rates is standard, say for example, as in Galor and Zeira (1993) . 
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age income allows agents to support fewer children, leading to a negative relationship between pensions and fertility. The 

state can exploit this negative relationship to bring fertility back to its complete-market level. 13 

Our results are independent of the type of market failure motivating a state intervention in education. There is a line

of literature which emphasizes human capital externality as one of the primary reasons for government intervention in 

education. We show that our results hold even when that is the case; how one models market failure is not critical to the

results. While an education subsidy helps to correct externalities, reduces the effective cost of borrowing and improves the 

effective income of parents, it makes fertility overshoot its optimal level. A PAYG pension decreases fertility by lowering the 

income of parents in a dynamically efficient economy. In fact, we find that the channels through which an EP package works

are broadly similar in both the models. Both credit market imperfection and externalities affect f ertility via their impact on

the cost of raising children and the borrowing pattern of the agents, with the two channels working in opposite directions. 

Finally, our model is equally relevant in the case of developing economies which are in the midst of demographic transi-

tion, while still enjoying healthy population growth. Old age support is one of the most important motives for having chil-

dren in developing economies ( Leibenstein (1957) ; 1975 ). These are also the economies that are typically characterized by

under-developed capital markets and a lack of institutionalized social security or old-age income insurance mechanisms. 14 

In fact, Nugent (1985) identifies the absence of a well-organized capital market and public old age programs as an important

condition under which the old age security motive for having children is likely to be important. He also argues that these

conditions are likely to prevail in the rural areas of developing countries. Private transfers are a major component of house-

hold income and expenditure in developing countries and much of the transfer income flows from children to parents. 15 

There is some evidence from developing countries that the initial introduction of social security crowds out such private 

transfers. 16 Becker et al. (2016) note that government-financed pension benefits provide elderly parents with incomes, re- 

ducing their need to rely on children for support. We argue, in that case, that pensions can alter the trade-offs involved

in the fertility decision, suggesting that the introduction of public pensions can help hasten the demographic transition in 

developing economies. 

The rest of the paper is organized as follows. Section 2 outlines our model. Section 3 describes the equilibrium that

emerges under laissez-faire . Section 4 describes the equilibrium under a policy where the government intervenes only in 

education. In Section 5 , we show the existence of the Education-Pension package that can replicate the complete-market 

levels of education and fertility. We provide an example of the recommended EP package for the specific case of CRRA

utility function in Section 6 . We discuss time consistency of the intra-family contracts in Section 7 . We present the case

with a human capital externality in Section 8 , and Section 9 concludes. All the proofs are presented in the Appendix. 

2. Model 

We consider an overlapping generations economy where agents live for three periods. They are young in the first period, 

middle-aged in the second and old in the third. Time is discrete and indexed by t = 0 , 1 , 2 , ., ∞ . 

In our notation, we identify a generation by the period of their middle-age. That is, we call an agent as belonging to

the generation t if she is middle-aged in period t . In their young age, agents acquire human capital funded by their par-

ents. The level of human capital H is realized in adulthood and is assumed to be a strictly increasing and concave function

of the investment in education e . The human capital also has a non-acquired component, which we call the raw human

capital and denote by H̄ . As is standard, we We assume that the human capital production function is concave and takes

the form H(e ) = h ( ̄H + e ) α with h > 0 and 0 < α < 1 . This means that e t−1 amount of investment on generation t in pe-

riod t − 1 generates human capital H t = h ( ̄H + e t−1 ) 
α in period t . For now, we assume that this human capital production

function is devoid of any externalities from the parental level of education or the average human capital in the economy.

In Section 8 we discuss the case where externality from the average human capital in the economy is present. The factor

prices are assumed to be exogenous. 

We abstract away from the labor-leisure decision of the agents and assume that the agents are endowed with one unit of

labor which they supply inelastically in their middle age, earning a total income of a t + H(e t−1 ) . 
17 Here a t denotes the non-
13 Even when fertility is assumed to be exogenous, an EP package is recommended whenever credit market is imperfect, as shown in Boldrin and 

Montes (2005) . This recommendation is from the view of long run sustainability. We also recommend an EP package but for a different reason. Endo- 

genizing fertility in our model reveals that an EP package is warranted to correct a distortion in the level of fertility caused by a subsidy in education. 
14 Pension Coverage is found to be positively related to per-capita income, ranging from over 90% for high-income OECD countries to less than 20% for 

South Asia and Sub Saharan Africa. The pattern of pension expenditure has been found to be correlated with the demographic structure as well. OECD 

countries with the highest old-age dependency ratio spend more than 8% of their GDP on pensions (social security is the highest public overhead in the 

US, for example) while South Asian and Sub Saharan African countries spend only 1-1.5%. (See, for example, Pallares-Miralles et al. (2012) , Palacios and 

Sluchynsky (2006) , OECD (2017b) ). Also Becker et al. (2016) reports that “about 60 percent of the worlds elderly population receives no old-age pension. 

This fraction is over 80 percent in Sub-Saharan Africa and about 70 percent in Asia and the Pacific. To maintain a decent standard of living, many elderly 

parents either have to save enough or rely on their children.”
15 See, for example, Rempel and Lobdell (1978) , Knowles and Anker (1981) , Butz and Stan (1982) , Ravallion and Dearden (1988) , Cox and Jimenez (1990) , 

Amuedo-Dorantes and Pozo (2006) for country-specific studies. 
16 See Cox and Jimenez (1992) , for example. 
17 There is no uncertainty in our setup. Conesa and Krueger (1999) deals with idiosyncratic uncertainty in an heterogeneous agents setup when PAYG 

pension is present. 
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labor income. 18 Without loss of generality, we assume the rental rate of human capital to be unity. An agent of generation t

chooses the number of children n t and the amount to be invested in their education e t . Raising children also entails a fixed

rearing cost of γ per child. Parents have access to the education loan market from where they can borrow to fund a part

( b t ) of the investment in children’s education. 

In their old age, agents repay any education loan that they took for their children’s education. 19 However, they receive

income support from their children. 20 Besides the material old-age support, children provide direct emotional gratification 

to parents in their old age. This direct utility gain depends on both the number as well as the quality of children. We assume

that the utility function of a generation t agent takes the form 

U t ≡ u (c m 

t ) + βu (c o t+1 ) + δu (n 

φ
t H 

ψ 

t+1 
) , (1) 

where c m 

t and c o 
t+1 

are the consumption levels in the middle age and the old age respectively.We assume that parents

derive utility from the quantity and quality of children. Another frequently used modelling assumption follows Barro and 

Becker (1988, 1989) , where parents directly care about the utility of their children. As the children care about their children,

every generation ends up caring about all the subsequent generations. This introduces interdependence across time, making 

the problem intractable. The parameter β is the intertemporal discount factor: utility from consumption in the old age is 

discounted at the rate β ∈ (0 , 1) in the middle age. The last term captures the direct utility benefit from having children and

is increasing and concave in the number of children and their human capital. This formulation of utility is in line with, for

example, De la Croix and Doepke (20 03, 20 04) . The parameter δ ∈ (0 , 1) captures the degree of filial altruism. The function

u (. ) is assumed to be strictly increasing, strictly concave and following Inada conditions, that is, u ′ (. ) > 0 , u ′′ (. ) < 0 with

lim c→ 0 u 
′ (c) = ∞ and lim c→∞ 

u ′ (c) = 0 . We assume φ > ψ , that is, the marginal benefit of having a child is more valuable

than her performance in later life (human capital). 21 

2.1. Direct old-age income support from children 

We model old-age income support in a fashion similar to Ehrlich and Lui (1991) . Parents enter into an implicit contract

with the children. As per the terms of the contract, parents receive a proportion d t+1 of their children’s labor earnings. This

makes the per child contribution to the parent d t+1 H t+1 . In return, parents invest in the human capital of their children.

Note that the old-age support received by the parents is increasing in the human capital investment they make in their

children. 

The proportion d t+1 is endogenously determined although not necessarily by direct negotiation between the parties to 

the contract. Parents can unilaterally choose an amount of compensation that is optimal for the children. In Section 7 we

show that, in the presence of appropriate trigger strategies, such an arrangement is self-enforced and neither of the parties 

has an incentive to deviate from the contract. 

2.2. Incomplete credit market 

Parents have the option of funding a part of children’s education expenses through the education loan market. They can 

borrow a proportion b t ∈ [0 , 1] of the education expenses in their middle-age and repay the loan when they are old, out of

the income support they receive. 

We assume a small open-economy, and in particular, that the market rate of return R is determined in the international

capital market. Imperfections characterize the credit market driving the cost of borrowing ρ above the market rate of return 

on savings R . These additional costs of borrowing can be justified in a setup where the lenders incur monitoring costs to

ensure that the borrowers do not run away (for example, as in Galor and Zeira (1993) ). Other market failures can also push

the effective interest rate above the market interest rate (see, for example, Stiglitz and Weiss (1981) ). This problem is more

severe in the market for education loans as, unlike physical capital, human capital is inalienable and cannot be mortgaged 

(see, for example, Friedman (1962) , Nerlove (1975) and Chapman (2006) ). 
18 Our results are independent of the existence of raw human capital or the non-labor income, and would hold true even when H̄ = 0 and a t = 0 . 
19 Borrowing on behalf of children for their education is quite frequent and sometimes constitutes a substantial portion of household debt even in 

developed countries (for the U.S., Looney and Lee (2018) ). There is also a prominent literature on education policy that is founded on the assumption that 

parents decide on children’s education (see, for example, De Fraja (2002) ). Note that, in our setup, since we have only three periods, any one-period loan 

taken by parents in their middle age has to be repaid when they are old. 
20 Another way this arrangement could be interpreted (without any change to the model) is that parents pass on their debt obligation to the children to 

recover the cost incurred on them. Children pay back the education loan taken by parents out of their own income. Hence, the old-age income support 

takes the form of both direct income transfer as well as payment of parents’ loan obligation. Schoonbroodt and Tertilt (2014) note that in pre-industrialized 

US and England, parents had legal access to their offsprings’ labor income. This alternative interpretation is particularly relevant in the context of developing 

countries where parents still exercise considerable control over their children’s income and the laws protecting the earnings of children are either weak or 

non-existent. 
21 This may be interpreted as capturing some of the early age emotional benefit before the human capital has been realized. 
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3. Laissez-faire equilibrium 

Parents’ optimization problem involves a two-stage maximization procedure. In the first stage, they decide the quality 

and quantity of children, taking the old age transfer proportion ( d t+1 ) as given. The first stage optimization exercise yields an

investment rule, that is, the parental investment in children’s education as a function of d t+1 . In the second stage, parents

decide the transfer proportion that is optimal for the children. They choose d t+1 so as to maximize the children’s utility

( U t+1 ) subject to their own investment rule. 22 

In the private equilibrium with no government, the first stage optimization entails deciding on a) the number of children 

( n t ), b) investment in education ( e t ), and c) the proportion of borrowing ( b t ) in their middle age, taking the old-age transfer

proportion d t+1 as given. The problem of an agent of generation t is to maximize (1) subject to 

a t + H t (1 − d t ) = c m 

t + (e t (1 − b t ) + γ ) n t , 

H t+1 d t+1 n t = c o t+1 + e t b t n t ρ, (2) 

H t+1 = h ( ̄H + e t ) 
α, 

e t , n t , b t ≥ 0 . 

The agent maximizes her utility subject to the budget constraints in the middle and the old age and the human capital

production function. In addition to the non-labor income a t , the agent earns H t in the middle age, of which she gives a

fraction d t to the parents as old-age income support. The total investment in the education of children is e t n t , of which she

funds b t proportion via the education loan market. Besides, parents bear a child-rearing cost of γ n t . Non-labor income and

the earnings net of old-age transfer fund the child-rearing cost, the remaining part of educational investment ( e t (1 − b t ) n t )

and own middle-age consumption ( c m 

t ). In her old age, the agent receives a total support of H t+1 d t+1 n t from all of her

children which she uses to repay the education loan and fund old-age consumption. 

As shown in Appendix A.1 , the first order optimality conditions for problem (2) , with respect to e t , n t , b t respectively,

assuming interior solution, reduce to 23 

βu 

′ (c o t+1 ) 

(
ρn t − d t+1 n t α

H t+1 

H̄ + e t 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) n 

φ
t ψα

H 

ψ 

t+1 

H̄ + e t 
, (3) 

βu 

′ (c o t+1 ) 

(
ρ(e t + γ ) − d t+1 H t+1 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) n 

φ−1 
t φH 

ψ 

t+1 
, (4) 

u 

′ (c m 

t ) = βρu 

′ (c o t+1 ) . (5) 

The left-hand side of equation (3) captures the net marginal material cost of investing an extra unit in the education per

child (in present value utility terms). An additional unit of educational investment increases the total cost of education by 

n t , repayment of which would cost ρn t in the old age. However, given the old-age transfer rate d t+1 , the additional unit will

increase the human capital of children, which would, in turn, increase the income support from children coming in the old

age. Thus, the net material cost increases by the difference of the two, which has to be multiplied by βu ′ (c o 
t+1 

) to transform

it to the present value utility terms. At the optimum, the net marginal material cost of an additional unit of educational

investment is equal to the marginal non-material benefit from it, which is captured by the right-hand side of the equation. 

Similarly, the left-hand side of the equation (4) captures the net marginal material cost of having an additional child.

An additional child will cost e t + γ while it will yield an additional old-age income support of H t+1 d t+1 . The net marginal

material cost of an additional child is equated to the non-material marginal benefit from it. 

Equation (5) is the standard Euler equation capturing the trade-off in the borrowing decision. Borrowing an additional 

unit allows the agent to enjoy higher consumption in the middle-age yielding them a utility gain of u ′ (c m 

t ) . However, it

increases the loan repayment burden in the old age by ρ units with a utility loss of ρu ′ (c o 
t+1 

) which the agent discounts at

the rate β . 

Using the first order conditions (3), (4) and (5) , we show in Appendix A.1 that the educational investment choice of the

parents is given by an implicit function of the transfer proportion d t+1 , 

ρ(γ Z − H̄ ) + d t+1 H t+1 (α − Z) − ρe t (1 − Z) = 0 , (6) 
22 The two-step maximization procedure is isomorphic to a Stackelberg game where children choose d taking parents’ strategies s p (d) as given. It is 

consistent with the modeling assumptions – the chosen actions are the result of a dynamic game between parents and children where each of them is 

acting in self-interest. We show that the solution to the two-step procedure is, in fact, rationalized as the subgame perfect equilibrium of this dynamic 

game, supported with appropriate trigger strategies. Note that, the way the problem has been set up, each player plays the static stage-game twice – the 

parents and children play the stage game in period i followed by children and their children playing the same game in period i + 1 (and so on). 
23 The problem is concave given the assumption that quantity and quality of children are complements in the utility function of the agent, that is, we 

assume that the marginal non-material benefit of having more children increases in the education level of the children. 
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where Z ≡ αψ 

φ
< α < 1 is the weight on the investment in education of children relative to that on their number in the

altruism function of the parents. We see that the investment in education is increasing in the old-age transfer proportion 

contracted upon. 24 

In the second stage , parents decide the transfer proportion that is optimal for the children, taking their own investment

rule as given. They choose the proportion that maximizes their children’s utility ( U t+1 ), subject to the equation (6) . Assum-

ing interior solution and imposing the envelope condition, the first order optimality condition for d t+1 becomes 

∂U t+1 

∂d t+1 

+ 

∂U t+1 

∂H t+1 

∂H t+1 

∂d t+1 

= 0 . 

Solving the equation we get (see Appendix A.2 ) 

d t+1 = α

(
1 − (γ − H̄ ) Z 

(e IM + H̄ )(1 − Z) 

)
, (7) 

where e IM denotes the laissez-faire level of education under imperfect market and is given by 

e IM = 

( 

αh (α − Z) 

ρ(1 − Z) 

) 

( 1 
1 −α ) − H̄ . (8) 

Investment in education decreases with an increase in ρ25 , with the complete-market level of education ( e CM ) defined as

that at ρ = R . Since ρ > R , we have e IM < e CM . 26 

4. Government intervention in education 

The investment in education under imperfect market is less than the complete-market level. This is due to the higher 

(effective) cost of borrowing in the presence of market imperfections which distorts the incentives to invest in education. 

Under-investment in education creates room for government intervention. 

We first explore the scenario where the government intervenes solely on the education front, by giving a constant sub- 

sidy s per unit of education and child care. That is, the government underwrites a fraction s of the total education and child

care expenditure 
(
e t (1 − b t ) + γ

)
n t 

27 . This subsidy is financed by levying a lump-sum tax τt on the working population.

The government balances its budget period by period. The budget balancing equation of the government becomes 

τt = s t 
(
e t (1 − b t ) + γ

)
n t . (9) 

With the government subsidy in place, the agent maximizes (1) subject to 

a t + H t (1 − d t ) = c m 

t + 

(
e t (1 − b t ) + γ

)
(1 − s t ) n t + τt , 

H t+1 d t+1 n t = c o t+1 + e t (1 − s t ) b t n t ρ, (10) 

H t+1 = h ( ̄H + e t ) 
α, 

e t , n t , b t ≥ 0 . 

As shown in Appendix B.1 , the first order conditions for problem (10) , with respect to n t , e t and b t respectively, assuming

interior solution, are 

βu 

′ (c o t+1 ) 

(
ρ(1 − s t ) n t − d t+1 n t α

H t+1 

H̄ + e t 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) n 

φ
t ψα

H 

ψ 

t+1 

H̄ + e t 
, (11) 

βu 

′ (c o t+1 ) 

(
ρ(1 − s t )(e t + γ ) − d t+1 H t+1 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) n 

φ−1 
t φH 

ψ 

t+1 
, (12) 
24 ∂e t 
∂d t+1 

= 

H t+1 

ρ( 1 −Z 
α−Z ) −d t+1 α

H t+1 
H̄ + e t 

> 0 . The inequality follows from the sign of the denominator which is positive because investing in education has a net positive 

material cost on the margin, as can be seen from equation (3) . 
25 In this particular set-up, we assume that the parameter values are such that agents borrow in equilibrium. In particular we assume that the (implied) 

rate of return on children on the no savings corner is sufficiently large – d(1 + n ) > 1 − (e + γ ) n 
H 

+ 

a −τ
H 

, and the rate of return on savings is sufficiently 

small – 1 < βR < βρ < 

u ′ (a −τ+ H−(e + γ ) n ) 
u ′ (Hdn ) 

. This leads education to be sub-optimal in presence of credit market imperfections. Note, however, that the set-up 

is expositional and the general argument in the paper is independent of how one models education market imperfections (also discussed in Section 8 with 

the help of an example). 
26 For further discussion, we define complete-market level of human capital H CM = H(e CM ) , and complete-market level of old-age transfer proportion 

d CM = α

(
1 − (γ −H̄ ) Z 

(e CM + ̄H )(1 −Z) 

)
. Note that the transfer proportion under imperfect market is less than that under complete market. 

27 The form of the subsidy transfer is not crucial for the subsequent analysis. Specifically, the analysis would stand if we assume government gives a 

lump-sum subsidy instead. 
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u 

′ (c m 

t ) = βρu 

′ (c o t+1 ) . (13) 

In Appendix B.2 , we show that the investment in education in presence of education subsidy s t is 

e E (s t ) = 

( 

αh (α − Z) 

ρ(1 − s t )(1 − Z) 

) 

( 1 
1 −α ) − H̄ . (14) 

By giving an education subsidy s t , the government achieves e E (s t ) level of investment in education. Comparing (8) and

(14) we see that the government can replicate the complete-market level of investment in education by setting s t = s ∗ such

that 

(1 − s ∗) ρ = R. (15) 

Thus, the government corrects distortions in education by bringing back the effective cost of borrowing borne by the 

parents to the complete market level. Given that the government finances the subsidy by taxing the middle-aged agents 

who are also the beneficiary of the subsidy, the net transfer from the government is zero. However, since the agents act

atomistically, not internalizing the effect of their education and fertility decisions on the total tax burden of the economy, it

changes their incentives, and they end up investing more and begetting more children than they would have under laissez- 

faire . 

4.1. Impact on fertility 

The policy intervention discussed above affects not only the education decision but also the fertility choice. The education 

subsidy alters the effective cost of raising children. With the subsidy in place, the total education cost otherwise borne solely

by the parent is now shared between her and the government. Even though the government finances its share by taxing the

parent herself, she does not internalize this tax burden while taking her fertility decision. The only cost that the agent takes

into account while deciding on the number of children is the one borne by her directly. Since this private cost of educating

children goes down, fertility increases above its laissez-faire level. 

Without any government intervention, both education and fertility are below the complete-market level. The subsidy 

is engineered to correct the education choice but ends up impacting fertility as a by-product. As is summarized in the

following proposition, the altered fertility choice ends up overshooting the complete-market level. 

Proposition 1. Fertility under laissez-faire is less than the complete-market level. An education-subsidy-only package which cor- 

rects for distortion in the education level fails to correct for all distortions in fertility. Fertility under the package overshoots the

complete-market level. 

Proof. See Appendix C . �

Children yield a non-pecuniary benefit in the form of filial altruism 

(
δu (n 

φ
t H 

ψ 

t+1 
) 
)

and a pecuniary benefit in the form

of old age support 
(
d t+1 H t+1 n t 

)
. The only cost associated with the children is the pecuniary cost of providing them with

education and child care 
(
n t (e t + γ ) ρ

)
. 28 In an equilibrium with interior solution for fertility, the non-pecuniary marginal

benefit from children is equated to the net pecuniary marginal cost (see equation (4) reproduced below for convenience). 

Thus, children are a net material cost for the parents. 

βu 

′ (c o t+1 

)(
ρ( e t + γ ) − d t+1 H t+1 

)︸ ︷︷ ︸ 
Ne t pecuniary marginal cost 

= δ
(

u 

′ 
(

n 

φ
t H 

ψ 

t+1 

)
φn 

φ−1 
t H 

ψ 

t+1 

)
︸ ︷︷ ︸ 

Non-pecuniary marginal benefit 

Imperfection in the education loan market distorts the fertility choice via two channels. It increases the cost of educating 

children, making children more expensive. Moreover, since market imperfection reduces the level of education investment, 

the expected old-age income support from children falls making them less attractive as an investment good. Besides, less 

educated children yield less altruism benefit on the margin. We call this the effective cost channel . This channel works in the

direction of reducing fertility. 

The second channel works via distortions in the borrowing decision and the resulting income effect. Market imperfection 

increases the cost of borrowing, due to which borrowing under laissez-faire is less than the complete-market level. Reduced 

borrowing decreases the loan repayment burden, increasing the effective income. Since children are a net pecuniary cost, 

this increase allows parents to have more children. We call this the borrowing channel . This channel works in the direction

of increasing fertility. 

When the loan market is imperfect, the effective cost channel dominates the borrowing channel. This leads to fertility 

being sub-optimally low under laissez-faire . When the government intervenes with a subsidy engineered to achieve the 
28 Even though the costs of education and child care are borne in the middle age while the old age support is received in the old age, the Euler 

equation (5) allows the net cost to be interpreted in terms of old-age consumption. 
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complete-market level of education, it corrects for the net per unit pecuniary cost of educating and rearing children 

(
(1 −

s t ) ρ(e t + γ ) − d t+1 H t+1 

)
, as (1 − s t ) ρ = R by design. Thus, the intervention shuts down the dominant effective cost channel .

But the borrowing channel remains operative, as the true cost of borrowing ( ρ) stays uncorrected. This makes fertility (sub-

optimally) overshoot its complete-market level. 

5. Government with education-pension package 

Government intervention in education increases fertility beyond the complete-market level. Since pensions enter the 

budget constraint of the parents and one of the reasons parents have children is the old-age support, the government can

influence fertility by intervening in the same with pension support. 29 

We now explore the scenario where the government provides pension support to the old, in addition to the education 

subsidy discussed above. Like the education subsidy, government finances this old-age income support by levying a lump- 

sum tax on the middle-aged. The budget balance equation of the government now becomes 

τt = s t (e t (1 − b t ) + γ ) n t + p t , (16) 

where p t is the pension tax per middle-age working agent in period t . The total pension support that the generation t agent

gets in his old age in period t + 1 is given by P t+1 = n t p t+1 . 

The problem of the agent with an Education-Pension package is to maximize (1) , subject to 

a t + H t (1 − d t ) = c m 

t + (e t (1 − b t ) + γ )(1 − s t ) n t + τt , 

H t+1 d t+1 n t + P t+1 = c o t+1 + e t (1 − s t ) b t n t ρ, (17) 

H t+1 = h ( ̄H + e t ) 
α, 

e t , n t , b t ≥ 0 . 

In the following proposition, we show that the government can utilize the pension arm to restore fertility to its complete-

market level. 30 

Proposition 2. When rental rate of capital exceeds the population growth rate as in standard dynamically efficient economies, the 

government can replicate the complete-market levels of both education and fertility by using an Education-Pension (EP) package. 

Proof. See Appendix D . �

Pensions affect consum ption directly through taxes and transfers ( direct income effect channel ) and indirectly through 

their impact on the borrowing decision of the agents ( borrowing channel ). The direct effect entails a transfer of income from

middle age to old age. As discussed in Section 4 , an increase in old-age income makes children less expensive on the margin,

leading to an increase in fertility. 

However, pensions affect fertility indirectly via its impact on borrowing. Since pensions transfer income from middle to 

old age, agents borrow more to smoothen their consumption. This adjustment in borrowing increases middle age consump- 

tion while the old-age income falls due to increased loan repayment. As old-age income falls, the net material cost of having

children increases on the margin, leading to a decrease in fertility. 

The return from government-mediated pension transfer is n , while the rate of return on transfer via borrowing is R .

We show in a Lemma in Appendix D that when R is greater than n as in a dynamically efficient economy, the impact

via borrowing dominates the direct income effect, leading to a reduction in fertility. The lemma claims that there exists a

negative relationship between fertility and PAYG pensions in a dynamically efficient economy. This finding is also related 

to the literature that questions utility specification of fertility through the lens of negative income-fertility relation and 

the assumption that children are normal good (see for example, Córdoba and Ripoll (2016) ). In Jones and Tertilt (2008) ,

Manuelli and Seshadri (2009) and Daruich and Kozlowski (2020) , fertility seems to decrease with the level of income and

these empirical observations are therefore compatible with this Lemma in Appendix D . 

As is shown in Appendix D , this negative pension-fertility relationship can be exploited by the government to bring 

fertility back to the complete-market level. We show the existence of an EP package which replicates the complete-market 

level of both education and fertility. The optimal EP package corrects for the distortionary income effect via borrowing, 

in addition to correcting for the effective cost of educating children. An education-only package distorts borrowing and 

consequently income, leading to fertility overshooting the complete-market level. The optimal pensions, via their impact on 

the borrowing in the opposite direction, cancel out the income distortion, making fertility come back to its complete-market 

level. 

We already show the existence of a positive level of pensions that, along with optimal subsidy, replicate the complete- 

market level of education and fertility, for a general utility function in Appendix D . In the next section, we provide an

example of the optimal EP package for the particular case of CRRA utility function. 
29 See, for example, Barro and Becker (1988) , Ehrlich and Lui (1998) and Boldrin et al. (2015) . 
30 In our model fertility falls with old-age income as parents need to rely less on children for old-age support. The same relationship holds for pensions, 

and is consistent with empirical evidence. 
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6. An example 

Imperfection in the education loan market increases the cost of education and keeps the investment in education below 

the optimum. The state can subsidize education to bring it back to its complete-market level. However, in doing so, it fails

to correct distortions in the fertility choice of the agents. We have shown that an education-only package leads fertility 

to overshoot its complete-market level. Education arm alone corrects education but not fertility. However, if the education 

arm is appropriately combined with the pension arm, distortions in both education and fertility choice of agents can be 

corrected. 

We show in Appendix E that when the utility function is CRRA, that is, u (c) = 

c 1 −σ

1 −σ , the Education-Pension package that

replicates both the complete-market level of education and fertility is given by 

s ∗ = 1 − R 

ρ
, p ∗ = 

(K − 1) 
(
Hdn + R [ a + H(1 − d) − n (e + γ )] 

)
K(R − n ) 

, (18) 

where n , d, e and H are the complete-market levels of fertility, old-age transfer proportion, education and human capital 

respectively, and 

K ≡
(

ρ

R 

)
1 
σ −1 

(
β

1 
σ R 

1 
σ + R 

β
1 
σ ρ

1 
σ + R 

)
> 1 . 

Note that both subsidy and pension tax increase with the level of imperfection in the education loan market with s ∗, p ∗ = 0

when there is no imperfection ( ρ = R ). 

7. Time consistency problem 

In the paper we have assumed an implicit contract concerning intra-family intergenerational transfers between children 

and parents (expenses on education from parents to children and old age support from children to parents) and that the

contract will be honored. However, there might exist a prisoner’s dilemma kind of situation where agents renounce the 

contract in favor of a dominant strategy. The existence of a “family constitution”, which is sustainable and renegotiation- 

proof under certain assumptions with agents optimizing individually subject to the rules of the constitution, has been the 

focus of many papers. Cigno (1993) , for example, establishes conditions under which the contract is self-enforcing in the 

sense that it supports a subgame-perfect Nash equilibrium. 31 

Ehrlich and Lui (1991) argue that such a contract between parents and children is self-enforcing if a deviation entails sim-

ilar violation from the subsequent generations and consumption in the middle and old age are sufficiently non-substitutable. 

In this section we show that, given these assumptions, the contract is self-enforcing as well as time consistent in our frame-

work where parents are altruistic. We also observe that the self-enforcing nature of the contract is independent of the 

government policy regarding subsidies and pensions. 

For ease of exposition, we assume a CRRA utility function as presented above. Define, for convenience, M = n t 

(1 − s t )(e t (1 − b t ) + γ ), B = H t+1 d t+1 n t − b t e t n t (1 − s t ) ρ , and A = n 
φ
t H 

ψ 

t+1 
. Here, M, B and A denote the net cost incurred

on children in the middle age, net material benefit reaped from children in the old age, and the altruism benefit/ compan-

ionship from children respectively. We assume that, as per the terms of the arrangement, if a parent does not honor her

terms of the contract of providing old age support to her parents or providing human capital support to her children, it

results in the violation of the contract from all the generations after her. This arrangement implies that the violation of the

contract leads to a loss of material as well as altruistic benefits from children. 

If an agent in her middle age honors her terms of the contract by giving old age support to her parents and incurring the

education expenses on the children, and her children honor their terms by supporting her in her old age, then her utility is

given by 

U 

h = 

(
a t + H t (1 − d t ) − τt − M 

)
1 −σ

1 − σ
+ 

β
(
B + P t+1 

)
1 −σ

1 − σ
+ 

δ(A ) 1 −σ

1 − σ
. 

When the agent reneges on her contract, she loses material and emotional support from her children 

32 , leaving her with no

incentive to invest in them. Her utility, in that case, is given by 

U 

r = 

(a t + H t − τt ) 
1 −σ

1 − σ
+ 

βP 1 −σ
t+1 

1 − σ
. 

When σ is sufficiently large so that consumption is sufficiently non-substitutable intertemporally, we have U h > U r . 33 
31 Rosati (1996) adds uncertainty to the basic framework. Cigno and Rosati (20 0 0) introduce personal services without a perfect market substitute. 

Anderberg and Balestrino (2003) introduce education. Cigno (2006) introduces altruism while Cigno et al. (2017) bring in heterogeneity and marriage. 

These papers also show how the existence of family constitutions affects individuals’ response to policy. 
32 Emotional support is not crucial to implement the contract. The contract is implementable with a sufficiently high σ even when δ is 0. 
33 Note that here parents do not have access to a savings technology that will allow them to smoothen consumption across time periods. Our results 

should go through even if we allow for savings as long as the interest rate on savings is not too high. 
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As argued by Ehrlich and Lui (1991) , the fundamental reason behind the self-enforcement of the contract is the threat of

losing old age benefits. The trigger strategy of violation by the next and the following generations ensures enforcement in 

equilibrium. Also, the old-age transfer ratio being set to maximize children’s as well as parents’ expected utilities, neither 

parties have the incentive to deviate from the terms of the contract. Moreover, the parental altruism towards children make 

deviation from existing contract even more costly. Since an infinite time horizon characterizes our economy, this results in 

the time consistency of the contract. 

8. Human capital externality 

In the analysis so far we have assumed that the human capital production function is free from any externalities. Ed-

ucation is sub-optimal due to imperfection in the education loan market, which provides the sole reason for government 

intervention. However, there is a huge body of literature which emphasizes the role of aggregate human capital externality 

in providing rationale for state intervention. 34 Hence, another reason for education subsidy can be the social benefit that 

the average level of human capital in the economy generates, the one the atomistic agents fail to internalize while taking

the education decision. 

In this section we assume that the human capital production function takes the form H t+1 = h ( ̄H + e t ) 
α ˆ H 

θ
t+1 

, where ˆ H t+1 

is the average human capital of the middle aged agents in the economy in time period t + 1 . Here the externality has been

defined in terms of average human capital as in Tamura (1991) , Lucas (1988) . We assume α + θ < 1 to rule out growth. 35 

To focus on human capital externality, we assume away the credit market imperfection. To simplify the mechanics of the 

analysis, we assume further that the optimal old-age transfer proportion d is exogenous. 

Similar to Section 3 , education under laissez-faire ( e CM 

t ) is given by the implicit function 

R (γ Z − H̄ ) + dH 

CM 

t+1 (α − Z) − Re CM 

t (1 − Z) = 0 , (19) 

whereas, as shown in Appendix F.1 , the optimal education e ∗t (where parents internalize the externality while taking the 

education decision) is given by 

R (γ Z − (1 − θ ) ̄H ) + dH 

∗
t+1 (α − Z) − Re ∗t (1 − θ − Z) = 0 . (20) 

Note that the investment in education under laissez-faire is less than the optimal education iff θ > 0 . 

Suppose that the government intervenes in the education market by introducing a subsidy in the manner discussed in 

Section 4 . Education under such intervention ( e E t ) is given by 

R (1 − s t )(γ Z − H̄ ) + dH 

E 
t+1 (α − Z) − R (1 − s t ) e 

E 
t (1 − Z) = 0 . (21)

The investment in education is increasing in the level of subsidy s t . The government can implement a subsidy such that

the education in the economy replicates the optimal level, that is, e E (s t ) = e ∗t . We call the level of subsidy that equates the

optimal education and education under government intervention the “optimal subsidy” and denote it by s ∗t where 

s ∗t = 

θ (e ∗t + H̄ ) 

(1 − Z) e ∗t − (γ Z − H̄ ) 
. (22) 

The level of optimal subsidy increases with the amount of externality (captured by the parameter θ ). 

Once the optimal subsidy is in place, the government is able to achieve the optimal education while fertility is decided

by the following condition: 

βu 

′ (c o t+1 ) 

(
R (1 − s ∗t )( e 

∗
t + γ ) − dH 

∗
t+1 

)
= δu 

′ (n 

φ
t H 

∗ψ 

t+1 
) n 

φ−1 
t φH 

∗ψ 

t+1 
. (23) 

Similar to the credit-market imperfection case, there are two channels via which fertility is impacted here – the effective 

cost channel and the borrowing channel . Via its impact on the effective cost, subsidy brings down the per child cost making

the children less expensive. Via the same channel, it also decreases the loan repayment burden in the old age making the

children more attractive on the margin. However, the subsidy leads to an upward adjustment in borrowing which makes 

children less attractive at the same time. In Appendix F.2 , we show that, with the subsidy in place, the effective cost channel

dominates the borrowing channel , leading to an increase in fertility beyond the optimal level. We also show that the gov-

ernment can use the negative pension-fertility relationship to bring the fertility down to its optimal level. This has been 

summarized in the following proposition. 
34 Human capital externality has been extensively analyzed since it has serious policy implications. Some of the important papers that deal with hu- 

man capital externalities are Romer (1986) , Lucas (1988) , Azariadis and Drazen (1990) , Tamura (1991) , Barro et al. (1995) , Benabou (1996) , Heckman and 

Klenow (1998) , Rudd (20 0 0) , Acemoglu and Angrist (2001) , Moretti (2004) , Ciccone and Peri (2006) , among others. 
35 An intriguing avenue for future research would be to explore the role of pensions in a model that considers human capital investment as the engine 

for growth, as in Glomm and Ravikumar (1992) . Further, in a model with income inequality, it would also be interesting to investigate the role of pensions 

as a balancing instrument. However, due to the scope limitations of the current paper, these aspects have not been addressed. 

11 
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Proposition 3. If the rationale for education subsidy is the presence of human capital externalities instead of credit market 

imperfection, Proposition 2 still holds. To be precise, education subsidy alone leads to overshooting of fertility, and, using an 

Education-Pension (EP) package, the government can replicate the complete-market levels of both education and fertility. 

When the market fails due to credit-market imperfections, the effective cost of raising children is sub-optimally high, 

and the education subsidy is engineered to bring the effective cost down to its complete-market level ( ρ(1 − s ∗) = R ). When

the market fails due to the presence of human capital externality, the effective cost of raising children is already ‘correct,’ 

but problem lies in the internalized human capital returns from children which are lower than the actual social returns. 

Since, via subsidy, the government can alter the cost only and not the (internalized) returns, it responds with a subsidy

which brings down the effective cost of children below the complete-market level ( R (1 − s ∗) < R ). In this case, the subsidy

is engineered in such a way that the distortions from (sub-optimally) low effective cost and (sub-optimally) low returns 

cancel each other out, restoring education to the optimal level. 

However, this tinkering with the effective cost of children ends up creating unintended distortion in the fertility choice 

of the agents. Externality creates a divergence between social and private returns from education directly, but the returns 

from fertility are impacted indirectly only via education. Hence, when subsidy restores education, returns from fertility stand 

corrected. However, the effective cost of children remains below the complete-market level due to government intervention. 

Even if we ignore the borrowing channel , this alone leads fertility to overshoot the optimal level. 

In both the models, there is an indirect effect on old-age income working via borrowing. In the case of credit-market

imperfections, government intervention in education fails to correct the high cost of borrowing, which causes borrowing 

to be sub-optimally low, making children less expensive on the margin. In the case of human capital externalities, the 

government, via subsidy, ends up creating additional income effects which affect consum ption smoothing behavior of the 

agents. As old-age income increases due to lower repayment burden, agents respond by adjusting borrowing. They borrow 

more which makes children more expensive on the margin. However, as has been shown in both the models, the impact via

borrowing is only secondary, with the effective cost channel dominating wherever it is operative. 

Hence, we see that whenever education and fertility are joint decisions, state intervention in one shall have repercussions 

for the other. Irrespective of the motivation for government intervention, any attempt to alter trade-offs in education will 

sub-optimally alter trade-offs in fertility. We see that the intervention affects fertility either via its impact on the net cost 

of children or adjustment in the consumption smoothing behavior of the agents. Irrespective of the choice of the models, 

intervention in education necessarily leads to overshooting via these channels. The negative pension-fertility relation shown 

in Proposition 3 acts via only income effects and hence is independent of the nature of the model. The government can

implement an Education-Pension package to bring fertility back to its optimal level, whenever it overshoots. 

9. Conclusion 

Imperfections in the loan market for education raise the effective cost of borrowing. This results in under-investment 

in human capital, providing rationale for state intervention in education. The government, with the help of an education 

subsidy, can achieve the optimal level of investment in education. The government is able to correct the underinvestment 

in education because, even though the agents finance the subsidy themselves, they do not internalize the higher tax burden 

due to investment in education. This atomistic behavior leads to an increase in the education level. 

Investment in education (quality of children) is however very much interlinked with the choice of fertility (quantity 

of children). Any analysis of an optimal education subsidy that ignores the optimal fertility choice overlooks this important 

interdependence. To be precise, when education and fertility are joint decisions, state intervention only in education distorts 

the fertility choice. An education subsidy alters the trade-offs in the fertility decision, which causes fertility to overshoot its 

optimum. 

In a dynamically efficient economy, when parents are altruistic towards children and rely on them for old age support, 

introducing a pension program for the old leads to a fall in fertility in the steady state. This negative relationship between

the state-provided old age support and the fertility level can be exploited by the government to cancel out distortions 

generated by the education subsidy. We show the existence of an Education-Pension package that can replicate the optimal 

levels of both education and fertility in the economy. The optimal Education-Pension package expands with the degree of 

market imperfection. 

Another potential reason for the state intervention in education is human capital externalities. We extend our analysis 

by introducing such externalities. Out results are invariant to the reason for market failure. Irrespective of how one models 

the motivation for education subsidy, it causes fertility to exceed its optimum. The negative relation between pensions and 

fertility is independent of the choice of the model, and the government can use this negative relationship to restore fertility

to its optimum. 

Becker et al. (2016) pointed out, in countries with social security systems in place, many middle-class and even poorer 

elderly parents have enough income that they do not rely on help from their children. They report that, while in the US and

various European nations less than 30 percent of children help out their elderly parents, this number exceeds 60 percent in

many poorer countries, including India and China and more than 80 percent in Singapore. Given this backdrop, our findings 

are most relevant for countries where a vibrant social security is not yet in place. Our results suggest that an education-
12 



M. Bishnu, S. Garg, T. Garg et al. Journal of Economic Dynamics & Control 153 (2023) 104697 

 

 

pension (EP) package not only acts as a substitute for a missing education credit market, but it can also be used to promote

optimal fertility choices. 

Appendix A. Laissez-Faire Investment in Education 

A1. Optimal investment rule 

Substituting the constraints into the objective function, the Lagrange for problem (2) is 

L = u (a t + h ( ̄H + e t−1 ) 
α(1 − d t ) − (e t (1 − b t ) + γ ) n t ) + βu (h ( ̄H + e t ) 

αd t+1 n t − e t b t n t ρ) + δu (n 

φ
t (h ( ̄H + e t ) 

α) ψ ) . 

The FOCs are 

∂L 

∂e t 
: βu 

′ (c o t+1 ) 

(
d t+1 n t α

H t+1 

H̄ + e t 
− b t n t ρ

)
+ δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
n 

φ
t ψα

H 

ψ 

t+1 

H̄ + e t 

)
− u 

′ (c m 

t )(1 − b t ) n t ≤ 0 , (A.1) 

∂L 

∂n t 
: βu 

′ (c o t+1 ) 

(
d t+1 H t+1 − b t e t ρ

)
+ δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
φn 

φ−1 
t H 

ψ 

t+1 

)
− u 

′ (c m 

t ) 

(
(1 − b t ) e t + γ

)
≤ 0 , (A.2) 

∂L 

∂b t 
: n t e t 

(
u 

′ (c m 

t ) − βρu 

′ (c o t+1 ) 

)
≤ 0 . (A.3) 

Assuming interior solution and substituting (A.3) in (A.1) and (A.2) the conditions become 

βu 

′ (c o t+1 ) 

(
ρn t − d t+1 n t α

H t+1 

H̄ + e t 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
n 

φ
t ψα

H 

ψ 

t+1 

H̄ + e t 

)
, (A.4) 

βu 

′ (c o t+1 ) 

(
ρ(e t + γ ) − d t+1 H t+1 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
φn 

φ−1 
t H 

ψ 

t+1 

)
. (A.5) 

Dividing the two, we get 

ρ( ̄H + e t ) − d t+1 αH t+1 

ρ(e t + γ ) − d t+1 H t+1 

= 

ψα

φ
(≡ Z) . 

Rearranging, we get 

ρ(γ Z − H̄ ) + d t+1 H t+1 (α − Z) − ρe t (1 − Z) = 0 . 

We assume H̄ to be small to allow for an interior solution in e t . 

A2. Optimal old-age transfer proportion 

The parent chooses d t+1 so as to maximize U t+1 taking the optimal investment rule as given: 

max 
d t+1 

u (c m 

t+1 ) + βu (c o t+2 ) + δu (n 

φ
t+1 

H 

ψ 

t+2 
) 

subject to 

c m 

t+1 = a t+1 + H t+1 (1 − d t+1 ) − e t+1 

(
(1 − b t+1 ) n t+1 + γ

)
, 

c o t+2 = H t+2 d t+2 n t+1 − e t+1 b t+1 n t+1 ρ, 

H t+2 = h ( ̄H + e t+1 ) 
α, 

ρ(γ Z − H̄ ) + d t+1 H t+1 (α − Z) − ρe t (1 − Z) = 0 . 

Substituting all the constraints and differentiating with respect to d t+1 yields the following FOC: 

dU t+1 

dd t+1 
= 

∂U t+1 

∂d t+1 
+ 

∂U t+1 

∂H t+1 

dH t+1 

dd t+1 
+ 

(
∂U t+1 

∂n t+1 

dn t+1 

dd t+1 
+ 

∂U t+1 

∂b t+1 

db t+1 

dd t+1 
+ 

∂U t+1 

∂e t+1 

de t+1 

dd t+1 

)
= 0 . 

The envelope condition implies that the expression in the brackets is equal to zero. After substituting for the value of first

two terms, the equation becomes 

−u 

′ (c m 

t+1 ) H t+1 + u 

′ (c m 

t+1 )(1 − d t+1 ) hα( ̄H + e t ) 
α−1 H t+1 

ρ( 1 −Z 
α−Z 

) − d t+1 α
H t+1 

H̄ + e 
= 0 . 
t 
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Simplifying further, we get 

d t+1 = α

(
1 − (γ − H̄ ) Z 

(e t + H̄ )(1 − Z) 

)
, (A.6) 

H̄ + e t = 

(
αh (α − Z) 

ρ(1 − Z) 

)
1 

1 −α . (A.7) 

Appendix B. Investment in Education with Government Subsidy 

B1. Optimal investment rule 

After substituting the constraints into the objective function, the Lagrange for problem (10) becomes 

L = u (a t + H t (1 − d t ) −
(
e t (1 − b t ) + γ

)
(1 − s t ) n t − τt ) + βu (H t+1 d t+1 n t − e t (1 − s t ) b t n t ρ) + δu (n 

φ
t H 

ψ 

t+1 
) . 

The FOCs for this problem are 

∂L 

∂e t 
: βu 

′ (c o t+1 ) n t 

(
d t+1 α

H t+1 

H̄ + e t 
− b t (1 − s t ) ρ

)

+ δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
n 

φ
t αψ 

H 

ψ 

t+1 

H̄ + e t 

)
− u 

′ (c m 

t )(1 − s t )(1 − b t ) n t ≤ 0 , (B.1) 

∂L 

∂n t 
: βu 

′ (c o t+1 ) 

(
d t+1 H t+1 − b t e t (1 − s t ) ρ

)

+ δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
φn 

φ−1 
t H 

ψ 

t+1 

)
− u 

′ (c m 

t )(1 − s t ) 
(
(1 − b t ) e t + γ

)
≤ 0 , (B.2) 

∂L 

∂b t 
: n t (1 − s t ) e t 

(
u 

′ (c m 

t ) − βρu 

′ (c o t+1 ) 

)
≤ 0 . (B.3) 

Assuming interior solution and substituting (B.3) in (B.1) and (B.2) the conditions become 

βu 

′ (c o t+1 ) 

(
(1 − s t ) ρn t − d t+1 n t α

H t+1 

H̄ + e t 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
αψn 

φ
t 

H 

ψ 

t+1 

H̄ + e t 

)
, (B.4) 

βu 

′ (c o t+1 ) 

(
(1 − s t ) ρ(e t + γ ) − d t+1 H t+1 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
φn 

φ−1 
t H 

ψ 

t+1 

)
. (B.5) 

Dividing the two, we get 

ρ(1 − s t )( ̄H + e t ) − d t+1 αH t+1 

ρ(1 − s t )(e t + γ ) − d t+1 H t+1 

= 

ψα

φ
(≡ Z) . 

Rearranging, we get 

ρ(1 − s t )(γ Z − H̄ ) + d t+1 H t+1 (α − Z) − ρ(1 − s t ) e t (1 − Z) = 0 . (B.6) 

B2. Direct optimal old-age transfer proportion 

The parent chooses d t+1 so as to maximize U t+1 taking the optimal investment rule as given: 

max 
d t+1 

u (c m 

t+1 ) + βu (c o t+2 ) + δu (n 

φ
t+1 

H 

ψ 

t+2 
) , 

subject to 

c m 

t+1 = a t+1 + H t+1 (1 − d t+1 ) −
(
e t+1 (1 − b t+1 ) + γ

)
(1 − s t+1 ) n t+1 − τt+1 , 

c o t+2 = H t+2 d t+2 n t+1 − e t+1 b t+1 (1 − s t+1 ) n t+1 ρ, 

H t+2 = h ( ̄H + e t+1 ) 
α, 

ρ(1 − s t )(γ Z − H̄ ) + d t+1 H t+1 (α − Z) − ρ(1 − s t ) e t (1 − Z) = 0 . 
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Substituting all the constraints, differentiating with respect to d t+1 and using the envelope condition yields the following 

FOC: 

−u 

′ (c m 

t+1 ) H t+1 + u 

′ (c m 

t+1 )(1 − d t+1 ) hα( ̄H + e t ) 
α−1 H t+1 

ρ(1 − s t )( 
1 −Z 
α−Z 

) − d t+1 α
H t+1 

H̄ + e t 
= 0 . 

Simplifying this equation gives 

d t+1 = α

(
1 − (γ − H̄ ) Z 

(e t + H̄ )(1 − Z) 

)
, 

H̄ + e t = 

(
α

h (α − Z) 

ρ(1 − s t )(1 − Z) 

)
1 

1 −α . 

Appendix C. Proof of Proposition 1 

Proof. We proceed in two steps. In the first step, we show that the fertility under laissez-faire is less than the complete-

market level. In the second step, we show that the government intervention which corrects distortion in education causes 

fertility to overshoot the complete-market level. 

Step 1 : Fertility under laissez-faire ( n IM ) is less than fertility under complete market ( n CM ). 

Proof. When education loan market is incomplete, and there is no intervention from the government, first order con- 

ditions for n t and b t given by equations (A.5) and (A.3) , reduced form equilibrium expressions for d t and e t given by

equations (A .6) and (A .7) , budget constraints for middle and old-age consumption along with the human capital production

function determine the laissez-faire levels of n t , b t , d t , e t , c 
m 

t , c 
o 
t and H t+1 . 

Thus, the steady state laissez-faire levels of fertlity ( n ) and borrowing ( b) are determined by the following system of

equations: 

F(n, b;ρ) ≡ δu 

′ (n 

φ(H 

IM ) ψ ) 

(
φn 

φ−1 (H 

IM ) ψ 

)

− βu 

′ (c o ) 

(
ρ(e IM + γ ) − d IM H 

IM 

)
= 0 , (C.1) 

G(n, b;ρ) ≡ u 

′ (c m ) − βρu 

′ (c o ) = 0 , (C.2) 

where 

c m = a + H 

IM (1 − d IM ) − n 

(
e IM (1 − b) + γ

)
, (C.3) 

c o = nH 

IM d IM − ρe IM nb, (C.4) 

d IM = α

(
1 − (γ − H̄ ) Z 

(e IM + H̄ )(1 − Z) 

)
, (C.5) 

H 

IM = h ( ̄H + e IM ) α, (C.6) 

(e IM + H̄ ) 1 −α = 

αh (α − Z) 

ρ(1 − Z) 
. (C.7) 

From here on, we drop the superscript IM for convenience. Equation (C.7) defines e IM as a function of ρ , where 
de IM 

dρ
< 0 .

We define 
 ≡ de IM 

dρ
. Further we define 

C ≡ ρ(e + γ ) − dH > 0 , 

C ′ ≡ ∂C 

∂e 
= ρZ 

(
α − 1 

α − Z 

)(
e + γ

e + H̄ 

)
< 0 , 
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� ≡ ∂H(1 − d) 

∂e 
= 

H 

e + H̄ 

(
α(1 − d) + (α − d) 

)
> 0 , 

� ≡ δφαψn 

φ−1 H 

ψ 

e + H̄ 

u 

′ (n 

φH 

ψ ) 

(
1 + 

u 

′′ (n 

φH 

ψ ) n 

φH 

ψ 

u 

′ (n 

φH 

ψ ) 

)
> 0 , 

� ≡ δφn 

φ−2 H 

ψ u 

′ (n 

φH 

ψ ) 

(
(φ − 1) + φ

u 

′′ (n 

φH 

ψ ) n 

φH 

ψ 

u 

′ (n 

φH 

ψ ) 

)
< 0 . 

Here, we are assuming that the non-material marginal benefit from children goes up as education per child increases. C is

the net pecuniary cost per child. C ′ is the marginal increase in the net pecuniary cost of children due to an additional unit

of investment in child’s education. � is the marginal increase in net labour income due to an extra unit of own education.

� and � capture the change in marginal altruism benefit from children due to an additional child and additional unit of 

education respectively. Substituting (C.3) - (C.7) in (C.1) and (C.2) , and differentiating, we get 

∂F 
∂b 

= βρenCu 

′′ (c o ) < 0 , 

∂G 
∂b 

= ne 
(
u 

′′ (c m ) + βρ2 u 

′′ (c o ) 
)

< 0 , 

∂F 
∂n 

= � − βu 

′′ (c o ) C(dH − ρbe) , 

∂G 
∂n 

= −u 

′′ (c m )(e(1 − b) + γ
)

− βρu 

′′ (c o )(dH − ρbe) > 0 , 

∂F 

∂ρ
= β

(
u 

′′ (c o ) benC − u 

′ (c o )(e + γ ) 

)
+ 




[
� − β

(
Cu 

′′ (c o ) 
(
(1 − b) − nC ′ 

)
+ u 

′ (c o ) C ′ 
)]

< 0 , 

∂G 
∂ρ

= β

(
u 

′′ (c o ) benρ − u 

′ (c o ) 

)
+ 




[ 

u 

′′ (c m ) 

(
� − n (1 − b) 

)
− βnρu 

′′ (c o ) 

(
(1 − b) − ρC ′ 

)]
< 0 . 

Note that ∣∣∣∣∣∣∣
∂F 

∂b 

∂F 

∂n 

∂G 
∂b 

∂G 
∂n 

∣∣∣∣∣∣∣ = 

∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

= −∂F 

∂b 
Cu 

′′ (c m ) − ∂G 
∂b 

� < 0 , 

where the last inequality follows from the concavity of u (. ) and the signs of C, �, 
∂F 

∂b 
and 

∂G 
∂b 

. Since 

⎛ 

⎜ ⎝ 

∂F 

∂b 

∂F 

∂n 
∂G 
∂b 

∂G 
∂n 

⎞ 

⎟ ⎠ 

is

invertible, we invoke implicit function theorm to say that given (C.3) - (C.7) , the equations (C.1) and (C.2) define n and b as

implicit functions of ρ where 

dn (ρ) 

dρ
= −

∂F 

∂b 

∂G 
∂ρ

− ∂G 
∂b 

∂F 

∂ρ

∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

. (C.8) 

Since we know that the denominator is strictly negative, we are interested in the sign of the numerator. 

∂F 

∂b 

(
− ∂G 

∂ρ
/ 
∂G 
∂b 

)
> 0 captures the effect of imperfection on fertility via its impact on borrowing, while 

∂F 

∂ρ
< 0 cap-

tures the effect via its impact on effective cost of educating children. Note that the two effects are in opposite directions.

Increasing ρ increases fertility via borrowing channel , but reduces fertility via effective cost channel . In presence of imperfec-

tion, and no government intervention, the effective cost channel dominates the borrowing channel, so that fertility falls as 

imperfections in the loan market increase. 

∂F 

∂b 

∂G 
∂ρ

− ∂G 
∂b 

∂F 

∂ρ
= βne 

[
βρdHu 

′ (c o ) u 

′′ (c o ) + u 

′′ (c m ) 

(
u 

′ (c o )(e + γ ) − benCu 

′′ (c o ) 

)]
+ 




[
∂F 

∂b 
u 

′′ (c m )� − ∂G 
∂b 

(
� − βu 

′ (c o ) C ′ 
)

− βn 

2 C C ′ u 

′′ (c m ) u 

′′ (c o ) 

]
< 0 . 

The inequality follows from signs of �, �, C, C ′ , ∂F 

∂b 
and 

∂G 
∂b 

, and concavity of u (. ) . Hence, we have 
dn (ρ) 

dρ
< 0 . Note that

n (ρ) = n IM and n (R ) = n CM . Since ρ > R , we have n IM < n CM . �
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Step 2 : Fertility under education-subsidy-only package ( n E ) overshoots n CM . 

Proof. With the optimal subsidy in place, old-age transfer proportion, education and human capital are at d CM , e CM and H 

CM 

respectively, and are invariant to the level of imperfection in the loan market. Substituting the value of optimal subsidy, the

FOC (B.5) can be rewritten as 

βu 

′ (c o t+1 ) 

(
R (e CM + γ ) − d CM H 

CM 

)
= δu 

′ (n 

φ
t (H 

CM ) ψ ) 

(
φn 

φ−1 
t (H 

CM ) ψ 

)
. 

This equation together with FOC (B.3) and the budget constraints determine n t , b t , c m 

t and c o 
t+1 

. Steady state n and b are

thus determined by the following system: 

F(n, b;ρ) ≡ δu 

′ (n 

φ(H 

CM ) ψ ) 

(
φn 

φ−1 (H 

CM ) ψ 

)

− βu 

′ (c o ) 

(
R (e CM + γ ) − d CM H 

CM 

)
= 0 , (C.9) 

G(n, b;ρ) ≡ u 

′ (c m ) − βρu 

′ (c o ) = 0 , (C.10) 

where c m = a + H 

CM (1 − d CM ) − n 
(
e CM (1 − b) + γ

)
and c o = nH 

CM d CM − Re CM nb. We drop the superscript CM for conve-

nience. 

Differentiating F and G, we get 

∂F 
∂b 

= βRenCu 

′′ (c o ) < 0 , 

∂G 
∂b 

= ne 
(
u 

′′ (c m ) + βρRu 

′′ (c o ) 
)

< 0 , 

∂F 
∂ρ

= 0 , 

∂F 
∂n 

= � − βu 

′′ (c o ) C(dH − Rbe) , 

∂G 
∂n 

= −u 

′′ (c m )(e(1 − b) + γ
)

− βρu 

′′ (c o )(dH − Rbe) > 0 , 

∂G 
∂ρ

= −βu 

′ (c o ) < 0 , 

where C is the corrected net pecuniary cost per child, that is, C ≡ R (e + γ ) − dH. � is defined as before, capturing the change

in marginal altruism benefit from children due to an additional child. Note that altruism is concave in children, that is, � < 0

and children are net material cost, that is, C > 0 . 

Here too, we have 
∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 
= −∂F 

∂b 
Cu ′′ (c m ) − ∂G 

∂b 
� < 0 . Since 

⎛ 

⎜ ⎝ 

∂F 

∂b 

∂F 

∂n 
∂G 
∂b 

∂G 
∂n 

⎞ 

⎟ ⎠ 

is invertible, we invoke implicit 

function theorm to say that the equations (C.9) and (C.10) define n and b as implicit functions of ρ where 
dn (ρ) 

dρ
is given

by (C.8) . 

Note that, here, the education level ( e CM ) as well as the net material cost of having children ( C) stand corrected. This

shuts down the effective cost channel (which dominates under laissez-faire ) resulting in 

∂F 

∂ρ
= 0 . But since the true cost of

borrowing stays above R , we still have 
∂F 

∂b 

(
− ∂G 

∂ρ
/ 
∂G 
∂b 

)
> 0 and the borrowing channel remains operative. Thus, here we

have 
∂n (ρ) 

∂ρ
> 0 . 

In the system of equations (C.9) and (C.10) , when ρ = R , optimal subsidy is 0 and n is at its complete-market level, that

is, s ∗(R ) = 0 and n (R ) = n CM . When education loan market is incomplete, government adjusts the optimal subsidy s ∗(ρ) , so

that the effective cost of education ρ(1 − s ∗(ρ)) stands corrected at R , but the government can not alter the true cost of

borrowing ρ , which remains above R . Since ρ > R and n ′ (. ) > 0 , we have n (ρ) > n (R ) , that is, n E > n CM . �

Hence, when market is incomplete, fertility is sub-optimally lower than the complete-market level, but the education- 

subsidy-only package results in higher than complete-market level of fertility. 

Appendix D. Proof of Proposition 2 

We use the following result to prove the proposition. 

Lemma 1. There exists a negative relationship between fertility and PAYG pensions in a dynamically efficient economy. 

Proof. In presence of optimal education subsidy and pension tax p, the steady state n and b are determined by the system

of equations (C.9) and (C.10) where 

c m = a + H 

CM (1 − d CM ) − n 

(
e CM (1 − b) + γ

)
− p, (D.1) 
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c o = nH 

CM d CM − Re CM nb + np. (D.2) 

Differentiating F and G, we get 

∂F 
∂b 

= βRenCu 

′′ (c o ) < 0 , 

∂G 
∂b 

= ne 
(
u 

′′ (c m ) + βρRu 

′′ (c o ) 
)

< 0 , 

∂F 
∂ p 

= −βCnu 

′′ (c o ) > 0 , 

∂F 
∂n 

= � − βu 

′′ (c o ) C(dH − Rbe + p) , 

∂G 
∂n 

= −u 

′′ (c m )(e(1 − b) + γ
)

− βρu 

′′ (c o )(dH − Rbe + p) > 0 , 

∂G 
∂ p 

= −u 

′′ (c m ) − βρu 

′′ (c o ) n > 0 . 

Then 

∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

= −∂F 

∂b 
(C − p) u 

′′ (c m ) − ∂G 
∂b 

�. 

Note that with pension tax, children yield an additional benefit of higher total pension payment in future. Given a pension

tax, higher number of children translates into a larger tax base to support agents in their old age. However, since this

transfer is mediated by the government, agents do not internalize the effect of their fertility choice on the overall pool of

pension support. Thus, the net pecuniary cost per child that the agents internalize is C while true per child cost is C − p. 

We consider p ∈ (0 , C) , such that the optimal fertility, that is, the fertility resulting from the agents’ problem where

they internalise the tax base externality, is bounded. p ∈ (0 , C) is a sufficient condition for the sign of the expression to be

negative, implying that 

⎛ 

⎜ ⎝ 

∂F 

∂b 

∂F 

∂n 
∂G 
∂b 

∂G 
∂n 

⎞ 

⎟ ⎠ 

is invertible. 

This allows us to invoke the implicit function theorm and say that given (D.1) and (D.2), (C.9) and (C.10) define n and b

as implicit functions of p where 

dn 

dp 
= −

∂F 

∂b 

∂G 
∂ p 

− ∂G 
∂b 

∂F 

∂ p 

∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

. (D.3) 

Note that 
∂F 

∂b 

(
− ∂G 

∂ p 
/ 
∂G 
∂b 

)
< 0 captures the effect of pensions on fertility via its impact on borrowing, while 

∂F 

∂ p 
> 0 cap-

tures the direct income effect of pensions. The two effects are in opposite directions, but as shown below, when dynamic

efficiency holds, the former dominates the latter. 

∂F 

∂b 

∂G 
∂ p 

− ∂G 
∂b 

∂F 

∂ p 
= −βenCu 

′′ (c m ) u 

′′ (c o ) 

(
R − n 

)
< 0 . 

Hence, when the economy is dynamically efficient, which implies R > n , we have 
dn 

dp 
< 0 , that is, a negative relationship

between fertility and social security . �

Now we prove the main result. With an EP package in place, the FOC for n is 

δu 

′ (n 

φ(H 

CM ) ψ ) 

(
φn 

φ−1 (H 

CM ) ψ 

)
= βu 

′ (c o ) 

(
R (e CM + γ ) − d CM H 

CM 

)
, 

given 

c o = nH 

CM d CM − Re CM nb EP + np, 

where b EP is the borrowing level under the EP package. Under complete market, FOC for n is the same but with 

c o = nH 

CM d CM − Re CM nb CM . 

It can be seen that with p = Re (b EP − b CM ) , FOC for fertility under EP package replicates the FOC under complete market. 

As has already been shown in the proof of Lemma 1 , system of equations (C.9) and (C.10) implicitly defines b EP as a

function of ρ and p where 

db EP 

dx 
= −

∂G 
∂n 

∂F 

∂x 
− ∂G 

∂x 

∂F 

∂n 

∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

for x ∈ { ρ, p} . (D.4) 

Thus, the EP package where s = 1 − R 

ρ
and p is given by the equation 

J (p;ρ) ≡ p − Re (b EP (p, ρ) − b CM ) = 0 (D.5) 
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replicates complete-market level of education and fertility. Below we show that p defined by the equation (D.5) is indeed 

positive when the loan market is imperfect. 

Differentiating (D.5) , we have 

∂J 

∂ p 
= 1 − Re 

(
∂b EP 

∂ p 

)
= 

u 

′′ (c m )(R − n ) e 
∂F 

∂n 

∂F 

∂b 

∂G 
∂ p 

− ∂G 
∂b 

∂F 

∂ p 

. 

Note from equation (D.4) , if 
∂F 

∂n 
= 0 then 

db EP 

dρ
= 0 (as 

∂F 

∂ρ
= 0 ). As can be seen by comparing the FOC for n EP and n CM ,

this in turn implies that fertility is invariant to the level of imperfection, once optimal subsidy is in place and p = 0 , which

is a contradiction to Proposition 1 . Hence, we must have 
∂F 

∂n 

 = 0 . Since we are assuming dynamic efficiency ( R > n ) and

have already shown the denominator to be non-zero in proof of part (a), we have 
∂J 

∂P 
to be non-zero. This allows us to

invoke implicit function theorm and say that the equation (D.5) defines p as a function of ρ , where 

∂ p(ρ) 

∂ρ
= −

∂J 

∂ρ

∂J 

∂ p 

= 

Re 
∂b EP 

∂ρ

1 − Re 
∂b EP 

∂ p 

= 

R 

∂G 
∂ρ

(R − n ) u 

′′ (c m ) 
> 0 . 

Here the inequality follows from dynamic efficiency, concavity of u (. ) and the sign of 
∂G 
∂ρ

. Note that b EP (0 , R ) = b CM . Hence,

( p = 0 , ρ = R ) is a solution to the Eq. D.5 . From the implicit function theorm, we know that p is a function of ρ , implying

that for a particular value of ρ , we will have a unique value of p. Hence, we have p(R ) = 0 . Since under imperfect market,

ρ > R , and we have shown that p ′ (. ) > 0 and p(R ) = 0 , we have p(ρ) > 0 . 

Appendix E. Optimal EP Package under CRRA Utility 

With CRRA utility function, the steady state n and b are determined by the equations 

β(R (e + γ ) − dH) − δφn 

φ−φσ−1 H 

ψ −ψ σ (ndH − benR ) σ = 0 , (E.1) 

(
ndH − benR + np 

a + H(1 − d) − n (e (1 − b) + γ ) − p 

)
σ = βρ. (E.2) 

From (E.2) , we get b as a function of n given by the following equation: 

b = 

Hdn + np − (βρ) 
1 
σ [ a + H(1 − α) − n (e + γ ) − p] 

en (β
1 
σ ρ

1 
σ + R ) 

. 

Substituting this in (E.1) yields the following: 

Q (n ;ρ, p) ≡ β
(
R (e + γ ) − dH 

)
− δφn 

φ−φσ−1 H 

ψ −ψ σ

[(
(βρ) 

1 
σ

(βρ) 
1 
σ + R 

)(
� − p 

(
R − n 

))]
σ = 0 , 

where � = ndH + R [ a + H(1 − α) − n (e + γ )] . 

Note that the complete-market level of fertility can be obtained by setting Q (n ; R, 0) to zero and thus, is given by the

following condition: 

β
(
R (e + γ ) − dH 

)
− δφn 

φ−φσ−1 H 

ψ −ψ σ

[(
(βR ) 

1 
σ

(βR ) 
1 
σ + R 

)
�

]
σ = 0 . 

We define n CM as the level of fertility that solves the above equation. With an EP package where subsidy is optimal and

pension tax is given by 

p ∗ ≡ (K − 1)�

K(R − n 

CM ) 
(E.3) 

where 

K ≡
(

ρ

R 

)
1 
σ −1 

(
β

1 
σ R 

1 
σ + R 

β
1 
σ ρ

1 
σ + R 

)
> 1 , (E.4) 

the final FOC for n given by Q (n ;ρ, p ∗) = 0 replicates equation Q (n ; R, 0) = 0 . Thus, an EP package with s ∗ subsidy and p ∗

pension achieves complete-market levels of education and fertility. 
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Appendix F. The Case with Human Capital Externality 

F1. Optimal subsidy 

The level of education when government provides only education subsidy s t (as derived in Appendix B.1 ) is given by the

implicit function 

R (1 − s t )(γ Z − H̄ ) + dH 

E 
t+1 (α − Z) − R (1 − s t ) e 

E 
t (1 − Z) = 0 . (F.1)

Here the agent is atomistic and does not internalize the externality generated by the average level of human capital in the

economy. We define the optimal education (and fertility) level to be the one where this externality is internalized by the

agent, and there is no government intervention. Agent’s FOCs in that case would be 

βu 

′ (c o t+1 ) 

(
Rn t − dn t 

α

1 − θ

H t+1 

H̄ + e t 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
α

1 − θ
ψn 

φ
t 

H 

ψ 

t+1 

H̄ + e t 

)
, (F.2) 

βu 

′ (c o t+1 ) 

(
R (e t + γ ) − dH t+1 

)
= δu 

′ (n 

φ
t H 

ψ 

t+1 
) 

(
φn 

φ−1 
t H 

ψ 

t+1 

)
, (F.3) 

u 

′ (c m 

t ) = βRu 

′ (c o t+1 ) . (F.4) 

Dividing the equations (F.2) and (F.3) , we get 

R (1 − θ )( ̄H + e t ) − d t+1 αH t+1 

R (e t + γ ) − d t+1 H t+1 

= 

ψα

φ
(≡ Z) . 

Rearranging the terms gives 

R (γ Z − (1 − θ ) ̄H ) + dH 

∗
t+1 (α − Z) − Re ∗t (1 − θ − Z) = 0 . (F.5) 

With an education subsidy given by 

s t = s ∗t ≡
θ (e ∗t + H̄ ) 

(1 − Z) e ∗t − (γ Z − H̄ ) 
, (F.6) 

the condition for the atomistic agent (given by equation (F.1) ) replicates the corresponding condition for optimal education 

( equation (F.5) ), such that e E (s ∗t ) = e ∗t . 

F2. Fertility under education-only package 

With the optimal subsidy in place, education and human capital are at e ∗ and H 

∗ respectively. Steady state n and b are

going to be determined by the following equations: 

F(n, b; s ∗) ≡ δu 

′ (n 

φ(H 

∗) ψ ) 

(
φn 

φ−1 (H 

∗) ψ 

)

− βu 

′ (c o ) 

(
R (1 − s ∗)(e ∗ + γ ) − dH 

∗
)

= 0 , (F.7) 

G(n, b; s ∗) ≡ u 

′ (c m ) − βRu 

′ (c o ) = 0 , 

where c m = a + H 

∗(1 − d) − n 
(
e ∗(1 − b) + γ

)
and c o = nH 

∗d − R (1 − s ∗) e ∗nb. Differentiating, we have 

∂F 

∂b 
= βRenCu 

′′ (c o ) < 0 , 

∂G 
∂b 

= ne(1 − s ∗) 
(
u 

′′ (c m ) + βR 

2 u 

′′ (c o ) 
)

< 0 , 

∂F 

∂n 

= � − βu 

′′ (c o ) C(dH − R (1 − s ∗) be) , 

∂G 
∂n 

= −u 

′′ (c m )(e(1 − b) + γ
)

− βRu 

′′ (c o )(dH − R (1 − s ∗) be) > 0 , 

∂F 

∂s ∗
= βR (e + γ ) u 

′ (c o ) − β(R (1 − s ∗)(e + γ ) − dH) u 

′′ (c o ) Renb > 0 , 

∂G 
∂s ∗

= −βRu 

′′ (c o ) Renb > 0 , 

where C ≡ R (1 − s ∗)(e + γ ) − dH and has the same interpretation as before. 
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Again, it can be shown that 
∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 
< 0 allowing us to invoke the implicit function theorm, and say that n can

be expressed as a function of s ∗, where 

dn 

ds ∗
= −

∂F 

∂b 

∂G 
∂s ∗

− ∂G 
∂b 

∂F 

∂s ∗
∂F 

∂b 

∂G 
∂n 

− ∂G 
∂b 

∂F 

∂n 

. (F.8) 

Here, as before, fertility is affected via two channels – the effective cost channel and the borrowing channel . 
∂F 

∂s ∗
> 0 cap-

tures the direct effect via change in the children’s effective cost, while 
∂F 

∂b 
(− ∂G 

∂s ∗
/ 
∂G 
∂b 

) < 0 captures the indirect effect via

adjusments in borrowing. Subsidy brings the effective cost of children down, but it leads to income effects which prompts 

a response from agents in form of increased borrowing. Note that, as before, the two channels act in opposite directions in

affecting f ertility. 

We show that, as was the case in Appendix D , the effective cost channel dominates the borrowing channel , causing fertility

under the subsidy to overshoot the optimal level. 

∂F 

∂b 

∂G 
∂s ∗

− ∂G 
∂b 

∂F 

∂s ∗
= −en (1 − s ∗) 

(
u 

′′ (c m ) 
∂F 

∂s ∗
+ βR 

3 u 

′′ (c o ) u 

′ (c o )(e + γ ) 

)
> 0 , 

where the inequality follows from sign of 
∂F 

∂s ∗
and concavity of u (. ) . 

Thus, we have 
dn 

ds ∗
> 0 . Also, note that when s ∗ = 0 , the system of equations defines the fertility at its optimal level

(which would have prevailed if agents had internalized the education externality, and there were no government interven- 

tion). Hence, with human capital externality, optimal subsidy results in the fertility overshooting its optimal level. 

Proof for the negative fertility-pension relation, in this case, is the same as that in Appendix D . 
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